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CONSTRUCTION OF PARADOXICAL DECOMPOSITIONS 


AKRAM YOUSOFZADEH 


Abstract. This paper is an application of a matrix combinatorial prop¬ 
erty named as normality, to construct a paradoxical decomposition for 
given non-amenable discrete group. We conjecture that every such group 
admits a system of equations with this property. 


1. Introduction 

In their paper Rosenblatt and Willis introduce a concept for groups to 
show that for an infinite discrete amenable group or a non-discrete amenable 
group G a net of positive, normalized functions in L^{G) can be constructed 
such that this net converges weak* to invariance but does not converge 
strongly to invariance [6]. This concept which is called configuration and a 
rather different form of that are also used to classify some group theoretical 
properties (see for example [1] and 12]). It is extended for hypergroups as 
well [9]. 

Configurations are strongly linked to the amenability of groups. On the 
other hand by Tarski’s alternative a discrete group is non-amenable if and 
only if it admits a paradoxical decomposition. Therefore it is valuable to 
construct the paradoxical decomposition for such a group, using configura¬ 
tions. This problem which originally asked by Willis is answered partially 
in [5|. In that paper the paradoxical decomposition was constructed under 
a condition which cannot be stated independently. 

In the present paper we pose a general matrix combinatorial conjecture 
under which the paradoxical decomposition is completely constructed. We 
also find a new upper bound for Tarski number of given non-amenable group. 

Notations 1.1. The following notations are used throughout this paper 

• N, Z and M are the set of natural, integer and real numbers, respectively, 

• y is the disjoint union of sets, 

• gA = {ga] a € A}, for a group G, A C G and g G G, 

• V{X) is the power set of the set X, 

• |A| is the the cardinal number of the set A, 

• A (0, l)-matrix is a matrix with entries in {0,1}. 


Key words and phrases, amenable group, configuration, paradoxical decomposition, 
Tarski number. 
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2. PRELIMINARIES 

2.1. Matrix theory. Linear algebra and the theory of linear system of 
equations plays a fundamental role in modern Mathematics. Finding a so¬ 
lution i.e. an assignment of numbers to the variable such that the equations 
satisfied, is an important part of this theory. 

In the following by a nontrivial, nonnegative and normalized solution 
to a homogenous system of linear equations with real coefficient, we mean 
respectively a solution including numbers which are not zero together, are 
all nonnegative and are all nonnegative with sum 1. 

There is a significant amount of applicable theorems for a homogenous 
system of equations to have nontrivial nonnegative solutions. Gordan’s the¬ 
orem is a prominent one which has also applications in linear programming 
[ 11 - 


Theorem 2.1. (Gordan 1873) Either a linear homogenous system of equa¬ 
tions AX = 0 possesses a nontrivial solution in nonnegative variables or 
there exists an equation, formed by taking some linear combination of equa¬ 
tions, that all positive eoefficients. That is, either there exists an x sueh 
that 

Ax = 0, 0 / a: > 0 

or there exists a vector m such that mfA > 0 (has positive entries). 

Remark 2.2. It is easily verified that in Theorem. \2. 11 if A is a (0, l)-matrix, 
then the entries of m can be chosen in Z. 

The main theorem of this paper is designed and proved under a conjecture 
(see Conjecture 12.5p . To clarify the conjecture, we need some definitions. 

Let TT : {1,... , n} — >■ {1, ..., n} be a permutation for the set {!,..., n}. 
Then 

^ ^7r(I) 


\ e^(n) / 

is called the permutation matrix associated to tt, where denotes the row 
vector of length n with 1 in the i-th position and 0 otherwise. When the 
permutation matrix is multiplied with a matrix M from left, Pt^M will 
permute the rows of M by vr. If A is a matrix with entries in {0,1}, we say 
that A is a (0, l)-matrix. 
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If P = 


f Pi \ 
P2 


\PnJ 

shifted rows, i.e. 


is a permutation matrix, by P~^ we mean the matrix with 


/ P2\ 

P 3 


= PpP = 


Pr. 


\ P^ J 

in which p is the cyclic permutation (12 ... n). Throughout we use the 


notation 


T = 


/ 1 0 0 
1 1 0 


0 \ 
0 


pij ’ 


1 1 ... 1/ 

where Eij is the matrix with 1 in ij position and 0 otherwise. When the 
matrix T is multiplied with a matrix M from left, j-th row of TM will be 
the sum of j first rows of M. 


he two (0, l)-matrices 


entries. If there exists a permutation matrix P such that the matrix 
(2.1) TP{B -A)- P+A 

has integer entries equal or greater than —1, we say that the homogenous 
system of equations {B — A)X = 0 is normal. 

Remark 2.4. It is clear that if {B — A)X = 0 is a normal system of 
equations, then this system has no non-zero non-negative solution. 



( \ 


( Bi\ 


A 2 


B 2 

Definition 2.3. Let£ G N and 


and 



\ An j 


\ Bn ) 

with rows Ai,Bi. Let also the vector ~ ^ 


Conversely if (B — A)X = 0 is a system of equations with no non-zero 
non-negative solution, then by Gordan’s theorem there exists a vector m = 
(mi,..., mn) such that mf{B — A) has strictly positive entries. If we permit 
B — A to have repeated rows and insert the opposite of a row (exchanging 
the corresponding rows of A and P) if necessary, then m* can be chosen in 
{0,1}. Now omit Bi — Ai, where m* = 0. Denote the modified matrix by 
B — A again. So we can assume that Y17=iiPi ~ strictly positive 

entries. I guess the following conjecture is true but I have not found an 
admissible solution to this, sofar. 
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Conjecture 2.5. Every system {B — A)X = 0 is normal, where A and 
B are two (0,1)—matrices in Ainxi such that strictly 

positive entries. 

2.2. Non-amenable discrete groups. Let G be discrete group. Then G 
is called amenable if it admits a finitely additive probability measure p. on 
the cr—algebra V{G) such that 

f,{gA) = laiA), [ACG, gG G). 

Definition 2.6. [8] Let G be a group acting on a set X and suppose E C X. 
E is G-paradoxical (or, paradoxical with respect to G) if for some positive 
integers m, n there are pairwise disjoint subsets Ai,, An, Bi,..., Bm of 
E and gi..., gn, hi ..., hm G G such that 

n m 

.E = |_| giAi = |_| hjBi. 
i=l j=l 

A group G is called paradoxical if it is G-paradoxical, where G acts on 
itself by left multiplication. Clearly if G is a paradoxical group satisfying the 
above definition, then it cannot be amenable. Indeed if /U is a G—invariant 
probability measure, then 

1 = ^l{G) = J2LiAi) + ^^i{Bl) 

= ^ p,{giAi) + ^ g.{hjBj) = /i(G) -|- /i(G) = 2. 

In fact there is the following remarkable alternative due to Alfred Tarski. 

Theorem 2.7. Let G be a discrete group. Exactly one of the following 
happens 

1) G is paradoxical, 

2) G is amenable. 

There are different types of paradoxical decomposition. We draw the 
reader’s attention to the next proposition 

Proposition 2.8. [U proposition 1.2] Let G be a group. Then the following 
statements are equivalent 

1) There exist a partition {Ai ,..., A„, Bi ,..., B^} of G and gi,... ,gn and 

hi,..., hm in G such that and {hjBj}'^.^ form partitions of G. 

2) There exist pairwise disjoint subsets Ai,..., An, Bi,..., Bm of G and 
elements gi,... ,gn and hi,..., hm in G such that {giAi}^^.^ and {hjBjf'JLi 
form partitions of G. 

3) There exist pairwise disjoint subsets Ai,..., An, Bi,..., Bm of G and ele¬ 
ments gi,... ,gn and hi,..., hm in G such that G = {Sl=l9^A^ = UT=lhJBJ 
(not necessarily pairwise disjoint). 
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Because of the above equivalence, we say that G admits a paradoxical 
decomposition, if any condition of Proposition 12.81 holds. However the de¬ 
composition in condition 1 is called a complete paradoxical decomposition. 

The number r = n-|-m for n and m in condition 1 of the previous definition 
is called the Tarski number of that paradoxical decomposition; the minimum 
of all such numbers over all the possible paradoxical decompositions of G, is 
called the Tarski number of G and denoted by t[G). In the case that there 
is no paradoxical decomposition, we set t{G) = oo. The Tarski number of a 
group is of real interest and has been estimated for some classes of groups. 
But it is not so easy to compute in many cases. However finding upper 
bounds for this number is not of low value to many authors and also to us. 
For rather detailed materials in the subject see [7] and [3]. 

2.3. Configuration of groups. Let G be discrete group. The configura¬ 
tions of G are defined in terms of finite generating sets and finite partitions 
of G. 

If g = {gi, ..., gn) is a string of elements of G and £ = {Ei ,..., Em} is a 
a partition of G, a configuration corresponding to (g, £) is an (n -|- 1)—tuple 
G = (co,..., Cn), where 1 < Cj < m for each i, such that there is x in G with 
X € Ecq and gix € Ec^ for each 1 < i < n. The set of all configurations cor¬ 
responding to the pair (g,£l) will be denoted by Con{Q,£). It is shown that 
groups with the same set of configurations have some common properties. 
For example they obey the same semigroup laws and have the same Tarski 
numbers (see [T] and m)- 

In the case that g = {< 71 ,... ,gn} is a generating set for G, the configura¬ 
tion G = (co,..., Cn) may be described as a labelled tree which is a subgraph 
of the Cayley graph of the finitely generated group G and configuration set 
Gon(g, £■) is a set of rooted trees having height 1. In last section of the paper 
we assign a new graph to G that depends on the pair (gj^”). 

If (gj^”) is as above and for each G G Gon(g,£’) 

xo(G) = Ecq n Ec^) and Xj{G) = gjXQ{G), 

then it is seen that for any 0 < j < n {xj(G); G G Gon(g, £)} is a partition 
for G. 

If D is a subset of Gon(g,£’), we use the following notation 

D := [_\ Xo(G). 

C£D 

In particular Gon(g,£) = G. To each pair (gjf’) for G, there correspond a 
system of equations as follow 

X] fc= X] <m, 0 < j,k <n) 

Xj{C)CEi XkiC)CEi 

with variables fc, G G Gon(g,£’). This system is called the system of 
configuration equations corresponding to (g,£’) and is denoted by Eq{g,£). 
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The existence of nonnegative solutions of this system plays an important role 
in amenability of groups and finding paradoxical decompositions, specially 
in this paper. This role was proved by Rosenblatt and Willis in the following 
theorem 

Theorem 2.9. [6l Proposition 2.4] There is a normalized solution of every 
possible instance of the configuration equations if and only if G is amenable. 


3. Main Theorem 


Throughout this section G is a group and g = {gi,...,gn) and S = 
{El,... ,Em} are a finite string of elements of G and a finite partition for 
G, respectively. The configuration equation Y.xj{c)cEi fc = Y.xk{C)cEi fc 
is written in the form aX = bX, where Gon{Q, £) = {Gi ,..., C^}, 

( \ 

V fc, 

a is the coefficient vector of the left hand side and b is the coefficient vector 
of the left hand side of the equation. 


Theorem 3.1. If a subsystem ofEq{Q, £) is normal, then G is non-amenable 
and a paradoxical decomposition of G can be written in terms of q,£. 


Proof. Let V = 

•• 

,w = 

/ Wi\ 
W2 


V K y 


1 / 


€ Mnxe{^) with entries in {0,1} 


such that {W — V)X = 0 be the normal subsystem of Eq[Q,£) satisfying 
m- Hence the vector (Q:c)ceCon(g,E) •= ~ contains posi¬ 

tive entries. Without loss of generality we can assume that P = I, the 
identity n x n-matrix. This means that there are strings (ii,i 2 , ■ ■ ■ ,ip), 


Uh , jj 21 • • • > jip ) and (fcq ,ki^,... ,ki^) such that € {1,... , m} and ji^ , ki^ E 
{0,1,..., n} and the modified system is 


(3.1) ^ fc= fc, l<t<p. 

Xj^^{C)CEi^ Xk^^{C)QE^ 

Note that the strings are used instead of subsets, since the repetition is 
not excluded for the equations. For convenience for 1 < t < p we use the 
following notations 


At = {C; (C) C Ei^] and B, = (C; Xj^^ (G) C Ei,}. 

In other words, the system can be written as 

fc = '^ fc, l<t<p. 

CeAt C&Bt 
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This way the normality of (j.S.lj) asserts that for each m < n 

m—1 m—1 

IJ {Ak nA^)<Z IJ Bi. 

k=l 1=1 

Note that 

U ®o(C)= U xoiC). 

c&At CeBt 

Set 

s! = g^\AinA2), 
si = {A2 \Ai). 

Then we have 

B 2 = g2Sl\_\g2giS‘l, 

[Bi\{AinA2)]=giSl 

In the next step set 

Sf = gY^[Bi\{AinA2)nAinA3l 
Sf = g^^[{Bi\iAinA2))nA2nA3], 

Sf = g^^[{Bi\iAinA2))\{AiUA2)nA3], 

and 

Sl = g2\{B2nAsnAi)\{Bi\{AinA2))n{AiUA2)nA3l 
sf = g^^[{B2 n Agn^2) \ ( 5 i \ (^1 n^2)) n {Ai u^2) n^gj, 
^2 = 92^[iB2 \ (^3 n {Ai U ^ 2 ))!, 

‘S'g = [^3 \ (^1 U ^ 2 )! 


Then we have 


B 3 = 5351 (5*? U u 535251 [{gi^sl n sf) □(5r'si n sf) 

U 5352 [(5|n5i)y(5|n52': 

U 53 5g^ 


Note that in the above formula we emphasis that 

Sf, Sf, g^^sfnsf, gi^slnsf c ii, 

5|n52\ 5in5i c iA 2 \Ai), 

si C (Ag \ {Al U ^ 2 ))- 


For 1 < A; < m put 
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Ok,m — 
Now for (j 


^ { 0 ? ^}} 

{( 1 , 1 )} 

{(!)} 

— ■ ■ ■ , ^m) £ 0}i^Yn put 


if k < m — 2 
if k = m — 1 
if k = m 


9a = < 


Qa-m 

Hm • • 

9m9k 

9k 


<JU 

■9k 


if k < m — 2 
if k = m — 1 
if k = m 


By an inductive process, for 1 < /c < m and a € Ok^m there is a subset 
Aa of Pk ( probably empty set) such that 


(3.2) Qm = □ xo(C) = U U {9aA.) 

C ^Qm k — 1 cr^Ok,Tn 

Hence for C G Qm we have 

m 

(3.3) xo(C) = U U {gaAa n Xo(C')). 

k=l a£Ok,m 

Note that \Omm\ = 1 and \Okm\ = 2’^~^~^ for 1 < A: < m. So 
ELi |o^, m\ — 2 disjoint subsets of |_| P}^ are used to construct Qrn‘ 


Let 


PliC) := 


CePi 

C^Pi 


Then it can be easily seen that 


and 


Q\{C) 


1 (7 G Qi 

0 CiQi 


n 


n 


(3.4) ^(TT, - Vi) = Y^iQ'r - Pi) = i»c)csConi,,e) 

i=l i=l 

In addition Pi, P 2 ,..., Pn are pairwise disjoint. So for each C G Con{Q,£) 


(3.5) j;/>'(C)G{0,l}. 

i=l 

Therefore if for C G Con{Q,£) we put zc = ac + there is a 

subset {mf, mff, ■ ■ ■, of { 1 , 2 ,..., n} such that 

C € QmC, i = l,...,zc- 

1 

Therefore (j3.3p can be viewed as a paradoxical decomposition for G. This 
decomposition is complete if for each C G Con{Q,£), 


Y^Pl{C) = ac = l. 

i=l 
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Otherwise this decomposition is not complete but by a process described in 
the proof of [H proposition 1.2] it can be changed into a complete one. □ 

Regardless the group G is paradoxical or not, pursuing the notations in 
above proof, we have 

|_| xo{C) = Bi = QiAi = |_| a;o(C). 

C&Bi C&Ai 


It can bee seen briefly in the following table 


Ai ^ 





A2 


A2 








An 




An 







Bi 

B2 


Bn 


In the case of non-amenability of G for every G € Gon{Q,£), ac > 0 and 
|{i; G G Ai}\ -|- ac = |{*; G £ Bi}\. 

Thus this is a paradoxical decomposition for the discrete group G (of any 
type) if and only if ^ 1}) other words, if Ai,A 2 ,.. ■ ,An 

are pairwise disjoint. Since this does not happen in general case, we have 
constructed the following table with pairwise disjoint boxes, setting ^k,m = 
<7 G 


Pi 

Sill 

2tl2 

2tl3 


2Il(n—1) 

2Iln 

P2^ 


2122 

2123 


‘^2(n—l) 

2l2n 

P3^ 



2133 


2l3(n-l) 

2l3n 








Pn-1 





^(n—l)(n—1) 

l)n 

Pn 






2lnn 




4 





Qi 

Q 2 

Q 3 


Qn—\ 

Qn 


Corollary 3.2. Using the notations of the proof of Theorem \3.1l if for every 
G G Gon{Q, £), ac = 1, then t{G) < {£ — 1)(2”' — I). 
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Proof. By the explanation after (|3.3p we have 


n m—1 


VI 

g 

^(1 + ^2— 


m=l k=l 

< 

n m—1 


m=l fc=l 

< 

Ti 

< 

(£-l)(2^-l) 


The bound found in Corollary 13.21 is not of course very accurate in many 
cases. But in the following we have an important bound for special groups. 

4. Graph interpretation 

In current section we assign a graph to a group which helps us to construct 
the paradoxical decompositions and to compute the Tarski numbers. 

Definition 4.1. Let G be a group and q = {gi,..., g^) and £ = {Ei ,..., Em] 
he a finite string of elements of G and a finite partition for G, respectively. 
T = r(G, gjf’) is a graph constructed as follows 

. The vertex set of T is identified with 

^(r) := {{ac)c&Con[^,E)\ ac £ N U {0}} . 

. There exists a directed edge from the vertices A = {ac) to B = {be) if 
there is a partition {Ai ,..., Ai,} for 

U ^o(C) 

ac^O 

such that for all G G Con{Q, £) there are ii,... fibc ^ {1; • • • > ^} ... ,gi 

G, such that 

xo{G)=gjAj, l<j<bc, 
provided that be 7 ^ 0, where b = Ylc&Con{s S) 

Proposition 4.2. If T contains adjacent vertices A = {ae)eeCon{s,e) 

B = {be)c£Con{s,£) with ae G {0,1} and ae ■= be — ae > 0, then G admits 
a paradoxical decomposition in terms of g and £. 

Proof. At first suppose that for each G ae = o-e = 1 . In this case by as¬ 
sumption there is a partition {Ac; C G C'on(g,£’)} |J{A^; C G C'on(g, £’)} 
for Ua(j^oXo{C) = G such that for each C G Gon{Q,£) 

xo{G) = geAe = gc^c- 
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Therefore 

G = □ xo(C) 

CeCon(s,£) 


G = 
and 


□ {ylc; GGCon( 0 ,T)} □ □ CeCon{g,S)} 


yCeCon{s,£) 


\CeCon{5,£) 


G — |_| gc^c — |_| g'c^'c 

C&Con(Q,S) CeCon(0,£) 


which is clearly a complete paradoxical decomposition for G. 

Now if there exists a G € Gon(g,£) such that ac = 0, then there is a 
partition {Ac; G G Gon{g^£)}\_\{A'(j; ac ^ 0} for DaQ^oXo{G) = G such 
that for each G G Gon{g,£) 


xoiG) — g'cA'c 


and 

xq{G) = gcAc, {ac / 0). 

Clearly 

Gon{g, £) = {G e Gon{g, £); ac = 0} |_|{C G Gon{g, £); ac 7 ^ 0}. 
So 


G = □ xo{G)\ji □ {Glc; GeGon{g,£)}\ 

ac =0 ^0^7:0 j 

U ( U C€Gon{g,£)}y 

\C£Con{s,£) / 

Therefore 

G = □ xo(G) 

C'GC'on(0,£’) 

= ( U ^o(C))U( □ xo(G)) 

Oic=^ 

= ( 1_| a:o(G))|_|( |_| gcAc)= |_| g'c^'c 

Oc=0 C€Con(g,f) 

and 


G = 


□ C G Gon{g,£)} HJ U ^ Gon{g,£)} 


,C'GC'on(0,£’) 


VqCt^O 
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is a paradoxical decomposition. The general case is similar. □ 

Theorem 4.3. Let G be a group and g = {gi,..., gn) and £ = {Ei ,..., Em} 
be a finite string of elements of G and a finite partition forG, respectively. If 
Eq{Q,£) has no nonnegative nonzero solution, then T = T{G,q,£) includes 
vertices A = (ac)ceCon(s,S) and B = (bc)ceCon(g,s) with ac € {0,1} and 
ac ■= be - ac > 0. 

Proof. Using notations of the proof of Theorem 13.11 A = ^ ~ 

YhQ'i-! 3-^6 desired vertices. □ 

Let A = {ai,..., a^} and B = {6i,..., 5^} be two subset of Gon{Q, £). If 
there is g £ G and there is a partition ..., At} for 


S 

y xo{ai) 

i=l 


such that 


xo{bj)=gAj, l<j<t, 



The composition of these diagrams leads us to construct the paradoxical 
decomposition described in Theorem l3.ll As the paradoxical decompositions 
of a group is not unique, different diagrams are also exist. One can find a 
Tasrki number’s upper bound by counting the paths from the beginning to 
the ending points in the minimal diagram. 

Example 4.4. Let Gi = (1, 2, 3, 2), C 2 = (1, 3,1, 3), G 3 = (2,1, 2, 2), C 4 = 
(3, 3,1, 2), Cs = (3, 3, 2,1) be the set of configurations of a group G. Then 
the configuration equation system of these configurations is 
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-1 

-1 

1 

0 

0 

\ 


^ fci ^ 


/ 0 \ 

-1 

0 

0 

1 

0 





0 

-1 

-1 

0 

0 

1 



fC2 


0 

1 

0 

-1 

0 

0 





0 

0 

0 

0 

0 

1 



fCi 

= 

0 

1 

0 

0 

1 

0 





0 

0 

1 

0 

0 

0 



fCi 


0 

1 

0 

0 

-1 

-1 





0 

0 

1 

0 

-1 

-1 

/ 


K fcs J 


1 0 / 


Considering any possible equation in \3.1i regardless the order of them, we 
add the following three systems to above 


/ 

0 

-1 

1 

-1 

0 \ 


^ fci ^ 


/ 0 \ 


0 

0 

1 

0 

-1 




0 


0 

1 

0 

1 

-1 


fc 2 


0 


1 

0 

-1 

0 

-1 




0 


0 

0 

-1 

-1 

0 


fcs 

= 

0 


-1 

0 

0 

-1 

1 




0 


-1 

1 

0 

1 

1 


fCi 


0 


0 

0 

0 

1 

1 




0 

V 

1 

-1 

0 

0 

0 y 


V fc , ) 




and 


/ 

1 

1 

-1 

0 

0 

\ 


^ fci ^ 


/ 0 \ 


1 

0 

0 

-1 

0 





0 


1 

1 

0 

0 

-1 



fc2 


0 


-1 

0 

1 

0 

0 





0 


0 

0 

0 

0 

-1 



fCi 

= 

0 


-1 

0 

0 

-1 

0 





0 


0 

-1 

0 

0 

0 



fCi 


0 


-1 

0 

0 

1 

1 





0 

V 

0 

-1 

0 

1 

1 

/ 


V fc, ) 


\^) 


and 
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j 0 

1 

-1 

1 

0 

\ 


^ fci ^ 


( 0 \ 

0 

0 

-1 

0 

1 





0 

0 

-1 

0 

-1 

1 



fC2 


0 

-1 

0 

1 

0 

1 





0 

0 

0 

1 

1 

0 



fCi 

= 

0 

1 

0 

0 

1 

-1 





0 

1 

-1 

0 

-1 

-1 



fCi 


0 

0 

0 

0 

-1 

-1 





0 

V -1 

1 

0 

0 

0 

/ 


\ / 


J 


A modified subsystem corresponded to this system is {B — A)X = 0, where 


( ° 

0 

1 

0 

0 \ 


/ 1 

1 

0 

0 

0 \ 

0 

0 

1 

0 

0 


1 

1 

0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

and B = 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 


0 

0 

1 

0 

1 

1 

0 

0 

0 

0 


0 

0 

1 

0 

1 

\ 0 

1 

0 

0 

0 J 


1 0 

0 

0 

1 

1 / 


Setting tt = (2 7) (4 6 ), one have 


TP^{B -A)- P+A 


/ 1 0 -1 0 0 \ 
10-110 
0 0 0 1 0 

0 0 0 1 1 

0 0 111 

0 0 111 

\ 1 1 0 11 / 


Therefore this system is normal. The diagram of this system is 



or equivalently 
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Since the in the end points of the diagram one can see the beginning 
points two times and the other configurations in Con{Q,S) at least once, 
this diagram turns to a paradoxical decomposition for G. 

The number of paths from beginning to the end is 6. Therefore t{G) < 
6 + 1 = 7. 

The suitable part ofT{G,Q,£) corresponding to this example is 



We have a very special case of Theorem 13.11 which leads us to a result to 
compute the Tarski number. We use the notations of section 3. 

Theorem 4.5. Suppose that ~ = (1) 1; • • • > 1) there exists 

a permutation matrix P such that the first n — 1 rows of PB — P^A has 
nonnegative entries. Then t{G) < 1 + |^p{i)| + P 

Proof. The assumption says that for 1 < i < n, yp(j_|_i) C Let 

Vp(n+i) = hi = gf^ g~^ and Ri = hfiWi \ Vi+i), for 1 < z < n. 
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By induction on n we see 


= u Ri. 

i=l 


Therefore the equations 


|_| xq{C) = h- ^Ri, {l<i<n) 

CG(iyp(i_i)\Vp(i)) 


introduce a paradoxical decomposition. On the other hand we have 


r{G) < |lTp(„)| + (^|lTp(,_i)\l^p(q|) + l 

i =2 


i=l 


= £+|Vp(,)| + l. 


□ 


In the special case where G does not contain the free group on two gen¬ 
erators and £ = 3 and |I/l| = 1 we have t{G) = 5. 

Example 4.6. Let Gon{Q,£) = {(1, 2, 2, 2), (2,1, 2,1), (2, 2,1,1)} and G 
does not contain non-abelian free groups. Then t{G) = 5. 

In fact since G does not contain non-abelian free groups, t{G) > 4 (see 
13 ]). On the other hand a minimal diagram associated to Gon{Q,£) is 
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/\ 


C2 ! ; C3 



The number of paths from the beginning to the end is 4. Therefore 
4 < t{G) <4 + 1 = 5. So t{G) = 5. 
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